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JOINT SPECTRAL MULTIPLIERS FOR MIXED SYSTEMS OF OPERATORS 


BLAZEJ WROBEL 


Abstract. We obtain a general Marcinkiewicz-type multiplier theorem for mixed systems of 
strongly commuting operators L = (Li,..., Ld); where some of the operators in L have only a 
holomorphic functional calculus, while others have additionally a Marcinkiewicz-type functional 
calculus. Moreover, we prove that specific Laplace transform type multipliers of the pair (£, A) are 
of certain weak type (1,1). Here L is the Ornstein-Uhlenbeck operator while A is a non-negative 
operator having Gaussian bounds for its heat kernel. Our results include the Riesz transforms 
A{/: + A)-\ £(/: + A)-\ 


1. Introduction 

Let {X,u) be a cr-finite measure space. Consider a system L = (Li,... ,Ld) of strongly com¬ 
muting non-negative self-adjoint operators on L?‘{X,v). By strong commutativity we mean that 
the spectral projections of Lj, j = 1,... ,d, commute pairwise. In this case there exists the joint 
spectral resolution E{X) of the system L. Moreover, for a bounded function m: [0,00)*^ -A C, the 
multiplier operator m{L) can be defined on L?‘{X, v) by 

m{L) = f m{X)dE{X). 

J [0,0X3)*^ 

By the (multivariate) spectral theorem, m{L) is then bounded on L?‘{X,v). In this article we 
investigate under which assumptions on the multiplier function m is it possible to extend m{L) to 
a bounded operator on LP{X, u), 1 < p < oo. 

Throughout the paper we assume the U‘{X, i^), 1 < p < oo, contractivity of the heat semigroups 
corresponding to the operators Lj, j = l,...,d. If this condition holds then we say that Lj 
generates a symmetric contraction semigroup. 

Then, by Cowling’s (SJ Theorem 3], each of the operators Lj, j = 1,... ,d, necessarily has an 
functional calculus on each L^{X, v),l < p < oo. This means that if rrij is a bounded holomorphic 
function (of one complex variable) in a certain sub-sector of the right complex half-plane, then 
the operator mj{Lj), given initially on L?‘{X, v) by the spectral theorem, is bounded on L^{X, v). 
However, it may happen that some of our operators also have the stronger Marcinkiewicz functional 
calculus. We say that Lj has a Marcinkiewicz functional calculus, if every bounded function 
rrij : [0, oo) -A C, which satisfies a certain Marcinkiewicz-type condition, see Definition 13.11 (with 
d = 1) gives rise to a bounded operator mj{Lj) on all L^{X,v), 1 < p < oo spaces. Throughout 
the paper we use letter A to denote operators which have a Marcinkiewicz functional calculus. 
The formal definitions of the two kinds of functional calculi are given in Section [3l 

Perhaps the most eminent difference between these functional calculi is the fact that the 
Marcinkiewicz functional calculus does not require the multiplier function to be holomorphic. 
In fact, every function which is sufficiently smooth, and compactly supported away from 0 does 
satisfy the Marcinkiewicz condition. 
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For the single operator case various kinds of multiplier theorems have been proved in a great 
variety of contexts. The literature on the subject is vast; let us only name here and |32) as the 
papers which have directly influenced our research. 

As for the joint spectral multipliers for a system of commuting self-adjoint operators there are 
relatively fewer results. The first studied case was the one of partial derivatives L = {di ,..., 
see |26| (the classical Marcinkiewicz multiplier theorem) and [22| (the classical Hormander mul¬ 
tiplier theorem). The two theorems differ in the type of conditions imposed on the multiplier 
function m. The Marcinkiewicz multiplier theorem requires a product decay at infinity of the 
partial derivatives of m, while the Hormander multiplier theorem assumes a radial decay. How¬ 
ever, neither of the theorems is stronger than the other. Our paper pursues Marcinkiewicz-type 
multiplier theorems in more general contexts. 

One of the first general cases of commuting operators, investigated in the context of a joint 
functional calculus, was that of sectorial operators (see (Ml Definition 1.1]). In [T] and [2] Albrecht, 
Franks, and McIntosh studied the existence of an joint functional calculus for a pair L = 
{Li,L 2 ) of commuting sectorial operators defined on a Banach space B. For some other results 
concerning holomorphic functional calculus for a pair of sectorial operators see |24| by Lancien, 
Lancien, and Le Merdy. 

Marcinkiewicz-type (multivariate) multiplier theorems for specific commuting operators (i.e 
sublaplacians and central derivatives) on the Heisenberg (and related) groups were investigated by 
Muller, Ricci, and Stein in |33], [34], and by Fraser in jl^, [E], [E]. The PhD thesis of Martini, 
[29] (see also m and m), is a treatise of the subject of joint spectral multipliers for general 
Lie groups of polynomial growth. He proves various Marcinkiewicz-type and Hormander-type 
multiplier theorems, mostly with sharp smoothness thresholds. 

In |36| Sikora proved a Hormander-type multiplier theorem for a pair of non-negative self-adjoint 
operators Aj acting on L'^{Xj, fij), j = 1,2, i.e. on separate variable^. In this article the author 
assumes that the kernels of the heat semigroup operators tj > 0, j = 1,2, satisfy certain 

Gaussian bounds and that the underlying measures fj,j are doubling. Corollary 13.31 of our paper 
is, in some sense, a fairly complete answer to a question posed in |36( Remark 4]. 

The main purpose of the the present article is to prove (multivariate) multiplier theorems in the 
case when some of the considered operators have a Marcinkiewicz functional calculus, while others 
have only an H°° functional calculus. Let us underline that, for the general results of Section [S] 
we only require strong commutativity and do not need that the operators in question arise from 
orthogonal expansions (cf. |47| i nor that they act on separate variables (cf. |36|L In Theorem 13.11 
we show that under a certain Marcinkiewicz-type assumption on a bounded multiplier function 
m, the multiplier m{L) extends to a bounded operator on LP{X, v). Once we realize that the only 
assumption we need is that of strong commutativity, the proof follows the scheme developed in 
m, m and |45| . The argument we use relies on Mellin transform techniques, together with 
bounds for the imaginary power operators, and square function estimates. For the convenience of 
the reader, we give a fairly detailed proof of Theorem 13.11 

From Theorem [Q we derive two seemingly interesting corollaries. The first of these. Corollary 
EM gives a close to optimal H°° joint functional calculus for a general system of strongly com¬ 
muting operators that generate symmetric contraction semigroups. The second. Corollary 13.31 
states that having a Marcinkiewicz functional calculus by each of the operators Aj, j = 1,... ,d, 
is equivalent to having a Marcinkiewicz joint functional calculus by the system A = {Ai ,..., A^). 
Thus, in a sense. Corollary 13.31 provides a most general possible Marcinkiewicz-type multiplier 
theorem for commuting operators. 

The prototypical multipliers which fall under our theory have a product form mi(Li) • • • md{Ld). 
However the reader should keep in mind that Theorem 13.11 applies to a much broader class of 


^Then, the tensor products Ai (g) / and 7 ® A 2 commute strongly on x X 2 , ni 0 /^ 2 ) 
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multiplier functions. Our condition (|3.2p does not require m to have a product form, but rather 
assumes it has a product decay. In particular Theorem 13.11 implies 1 < p < oo, boundedness 
of the imaginary power operators and Riesz transforms. In the case of a pair (L, A) by imaginary 
powers we mean the operators (L +u G M, while by Riesz transforms we mean the operators 
L{L + A)~^, A{L + A)~^. Note however that due to the methods we use the growth of the lA 
norm of these operators is likely to be of order at least (p — 1)““^, p —)• 1^. In particular, we do 
not obtain weak type ( 1 , 1 ) results. 

In Section m we pursue a particular instance of our general setting in which some weak type (1,1) 
results can be proved. Namely, we restrict to the case of two operators: C being the Ornstein- 
Uhlenbeck operator on 7 ), and A being an operator acting on some other space L‘^{Y, p, p), 

where {Y, p, p) is a space of homogeneous type. We also assume that the heat semigroup 
has a kernel satisfying Gaussian bounds and some Lipschitz estimates, see (14.11) . (14.2p . (14.3p . Here 
the operators do act on separate variables. The main result of this section is Theorem 14.11 which 
states that certain ’Laplace transform type’ multipliers of the system {C® I,I ® A) are not only 
bounded on x T, 7 (g) p), 1 < p < 00 , but also from L}^{H^{Y, p)) to Here H^{Y,p) 

denotes the atomic Hardy space in the sense of Coifman-Weiss. Section |4] gives weak type 
(1,1) results for joint multipliers in the case when one of the operators (the Ornstein-Uhlenbeck 
operator C, see m) does not have a Marcinkiewicz functional calculus. It seems that so far such 
results were proved only for systems of operators all having a Marcinkiewicz functional calculus. 


2. Preliminaries 


Let L = (Li,..., Lfi) be a system of non-negative self-adjoint operators on L?‘{X, u), for some 
(T-finite measure space We assume that the operators Lj commute strongly, i.e. that their 

spectral projections Elj, j = commute pairwise. In this case, there exists the joint 

spectral measure E associated with L and determined uniquely by the condition 

L,= [ XjdEL^{\j)= [ XjdE{X), 

J [0,oo) J [0,oo)‘^ 

see m Theorem 4.10 and Theorems 5.21, 5.23]. Consequently, for a Borel measurable function 
m on [ 0 , 00 )'’*, the multivariate spectral theorem allows us to define 

(2.1) m{L) = m{Li,..., Ld) = / m{X)dE{X) 

J [ 0 , 00 )'^ 

on the domain 

Dom(m(L)) = I / G L^(X, zz): f \m{X)\‘^dEfj{X) < 00 

I J [0,oo]‘^ 

Here Efj is the complex measure defined by Efj{-) = {E{-)f,f)i,2(^x,u)- 

The crucial assumption we make is the L^{X,v) contractivity of the heat semigroups 
J = 1,..., d. More precisely, we impose that, for each 1 < p < 00 , and t > 0, 

(CTR) We-^^^fhnx,.) < II/IIlp(x,.), /GL^’(X,0nL2(X,0. 

This condition is often phrased as the operator Lj generates a symmetric contraction semigroup. 
For technical reasons we often also impose 


(ATL) L;i,({0})=0, j = l,...,d. 

Note that under ()ATL() the formula (j2.ip may be rephrased as 

m{L) = m{Li,..., Ld) = / m{X)dE{X). 

J (0,oo)^ 




4 


B. WROBEL 


A particular instance of strongly commuting operators arises in product spaces, when (X, = 

i^j)- In this case, for a self-adjoint or bounded operator T on L‘^{Xj, Uj) we define 

(2.2) T (g) I(j) = lL2{Xi,ui) < 8 ) • • • (g lL^{Xj+i,uj+i) ® ® lL2(Xa,ua)- 

If T is self-adjoint, then the operators T (g) can be regarded as self-adjoint and strongly com¬ 
muting operators on L^(X, i^), see |35l Theorem 7.23] and |44l Proposition A.2.2]. Once again, let 
us point out that the general results of Section O do not require that the operators act on separate 
variables. However, in Section [D we do consider a particular case of operators acting on separate 
variables. 

Throughout the paper the following notation is used. The symbols Nq and N stand for the sets 
of non-negative and positive integers, respectively, while denotes ( 0 , 00 )“^. 

For a vector of angles if = {fi ,..., fd) G (0, 7 r/ 2 ]^, we denote by S,^ the symmetric poly-sector 
(contained in the d-fold product of the right complex half-planes) 

= {{zi,... ,Zd) &C^-. Zj \Aig{zj)\ < ifj, j = l,...,d}. 

In the case when all fj are equal to a real number f we abbreviate := However, it 

will be always clear from the context whether is a vector or a number. 

If U is an open subset of C'^, the symbol H°°{U) stands for the vector space of bounded functions 
on U, which are holomorphic in d-variables. The space is equipped with the supremum 

norm. 

If 7 and p are real vectors (e.g. multi-indices), by 7 < p (7 < p) we mean that 7 j < pj ( 7 ^ < pj), 
for j = 1,...,d. For any real number x the symbol x denotes the vector (x,... ,x) G M'^. 

For two vectors z,w G we set z^ = z^^ whenever it makes sense. In particular, 

for A = (Ai,..., Xd) G and u = (ui,..., Ud) G by A*“ we mean ■ ■ ■ A™'*; similarly, for 
N = (Xi,..., Nd) G by X^ we mean A^^ • • • A^'^. This notation is also used for operators, i.e. 
for tt G and X G we set 

jJ-u _ . . . pi'iJ'd j^N _ _ jJ^'^ 

Note that, due to the assumption on the strong commutativity, the order of the operators in the 
right hand sides of the above equalities is irrelevant. 

By (z, w), z,w & we mean the usual inner product on C'^. Additionally, if instead of rc G C'^ 
we take a vector of self-adjoint operators L = (Li,..., Ld), then, by (z, L) we mean 

The symbol ^ (in some places we write y ^ instead) stands for the product Haar measure 
on (M!|_, •), i.e. 

dX dAi dXd 

X Ai Xd 

For a function m G L^(M^J., ^), we define its d-dimensional Mellin transform by 

(2.3) M{m){u)= [ A-*“m(A)^, n G M'^. 

Jr‘1 X 

It is well known that A4 satisfies the Plancherel formula 

a (27r)“ diRd A 

and the inversion formula 

m(A) = 7 -^ /" M{m){u)X^ du, A = (Ai,..., A^) G M+, 

( 2 vr)‘* jRd 

for m such that both m G L^(]R;(., ^) and A4(m) G du). 
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Throughout the paper we use the variable constant convention, i.e. the constants (such as C, Cp 
or C(p), etc.) may vary from one occurrence to another. In most cases we shall however keep track 
of the parameters on which the constant depends, (e.g. C denotes a universal constant, while Cp 
and C{p) denote constants which may also depend on p). The symbol a means that a < Cb, 
with a constant C independent of significant quantities. 

Let Bi,B 2 be Banach spaces and let T be a dense subspace of Bi. We say that a linear operator 
T: F ^ B 2 is bounded, if it has a (unique) bounded extension to Bi. 

3. General multiplier theorems 

Throughout this section, for the sake of brevity, we write instead of U’{X,v) and || • ||p 
instead of || • \\Lr‘{x,u)- The symbol || • ||p-).p denotes the operator norm on L^. 

The first n operators in the system Li,..., 0 < n < d are assumed to have an functional 

calculus. We say that a single operator L has an functional calculus on L^, 1 < p < 00 , when¬ 
ever we have the following: there is a sector = {z £ C: \ Arg(z)| < ipp}, ipp < 7 r/ 2 , such that, 
if m is a bounded holomorphic function on then \\m{L)\\]^p(^x,u)^LP{X,u) ^ C!p\\m\\H<^[s^p)- 
The phrase ’L has an functional calculus’ means that L has an functional calculus 
on IF for every 1 < p < 00 . An analogous terminology is used when considering a system of 
operators L = (Li,... ,Lrf) instead of a single operator. We say that L has an H°° joint func¬ 
tional calculus, whenever the following holds: for each 1 < p < 00 there is a poly-sector 
(pp = {(pp,... ,(pp) E [ 0 , 7 r/ 2 )'’*, such that if m is a bounded holomorphic function in several vari¬ 
ables on Spp, then \\m{L)\\LP(^x,u)^LPix,u) < 

The last I operators in the system L, i.e. Ln+i, ■ ■ ■, Lu, with n + I = d, are assumed to have 
additionally a Marcinkiewicz functional calculus. Therefore, according with our convention, we use 
letter A to denote these operators, i.e. Aj = L^^j, j = 1, ..., L In order to define the Marcinkiewicz 
functional calculus and formulate the main theorem of the paper we need the following definition. 

Definition 3.1. We say that m: —>■ C satisfies the Marcinkiewicz condition of order p = 

{pi, ..., pd) E Nq, if m is a bounded function having partial derivatives up to order /H, and for all 
multi-indices 7 = ( 71 ,..., 7 ^) < p 

(3.2) \\m\\(^^y.= sup f ...f \X^d'^m{X)\‘^ ^ < 00 . 

If m satisfies the Marcinkiewicz condition of order /?, then we set 

\\'m\\Mar,p ■■= sup 
7<P 

We say that a single operator A has a Marcinkiewicz functional calculu^ of order p > 0, 
whenever the following holds: if the multiplier function m satisfies the one-dimensional (i.e. with 
d = 1) Marcinkiewicz condition (j3.2j) of order p, then the multiplier operator m{A) is bounded 
on all LP{X,u), 1 < p < 00 , and \\m{A)\\ipy,u)-)-LP{X,u) < Cp\\m\\Mar,p- Similarly, to say that a 
system A = {Ai,... ,Ai) has a Marcinkiewicz joint functional calculus of order p = (pi ,... ,pi) E 
we require the following condition to be true: if the multiplier function m satisfies the d- 
dimensional Marcinkiewicz condition (|3.2p of order p = (pi,... ,pd), then the multiplier operator 
m{L) is bounded on LP{X,iy), 1 <p < 00 , and \\'m{L)\\x^pyy^x.p{X,u) < Cp\\m\\Mar,p- 


^i.e. d'^{m) exist for 7 = ( 71 ,... , ■jd) < p 

^In the single operator case it might seem better to use the term ’Hormander functional calculus’, cf. |321 Theorem 
2]. We use the name of Marcinkiewicz to accord with the naming of the multi-dimensional condition. 
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What concerns the operators Li,..., L„, we assume that there exist 0 = (0i,..., 0„) G [0, oo)"' 
and (/)p = ((^p,..., 4>p) G (0, '7r/2)"’, such that 

n 

(3.3) \\V^p^p<C{p,L) + uGR^. 

i=i 

It can be deduced that the above condition is (essentially) equivalent to each Lj, j = 1,... ,n, 
having an H°° functional calculus on in the sector 

^4 = {zj eC:\ A.Tg{zj)\ < (jylp], 

see |9l Section 5]. Moreover, by a recent result of Carbonaro and Dragicevic [5] (see also m) , every 
operator for which (ICTRh holds satisfies (13.3p with the optimal angle (pp = (j)* := arcsin |2/p — 1| 
and 9j =9 = 3. Put in other words every operator generating a symmetric contraction semigroup 
has an H°° functional calculus on in every sector larger than The angle (p* is optimal 
among general operators satisfying (ICTRp . however in many concrete cases it can be significantly 
sharpened. 

When it comes to the operators Ai,..., Ai, we impose that there is a vector of positive real 
numbers a = (cri ,... ,ai), such that for every 1 < p < oo and j = 1,... ,l 

l 

(3.4) W^pWp^p < C{p,A) n(l + V G 

Condition (13.41) is equivalent to each Ai,... ,Ai having a Marcinkiewicz functional calculus, see 
[32l Theorem 4]. 

For a function m: Sfp^ x (0,oo)^ C and e G { — 1,1}” set 

mt^{X,a) = m(e*^i'^pAi,..., ai,.. .,ai), (A, a) G 

Note that, if for fixed a G the function m{-,a) G then the boundary value functions 

A i-G mt^{X,a) exist by (multivariate) Fatou’s theorem. In the case when all (p^p are equal to one 
angle (pp we abbreviate mt^ = 

Throughout this section we impose the assumptions of Sections [2] and O in particular both 
(jATLp and (ICTRI) as well as (|3.3p and (|3.4p . The following is our main theorem. 

Theorem 3.1. Fix 1 < p < oo and let m: Sip^ xM.^ ^ C be a bounded function with the following 
property: for each fixed a G M()_, m{-,a) G and all the functions 

3 (A, a) i-G mt^{X, a), where s G { — 1,1}”, 

satisfy the d-dimensional Marcinkiewicz condition (|3.2p of some order p > |l/p — 1/2|(0 ,(t) + 1, 
where p = (pi,..., pn, Pn+i; • • •; Pd)- Then the multiplier operator m{L, A) is bounded on IT and 

\\m{L,A)\\p^p<Cp^dC{p,L)C{p,A) sup \\mp {X,a)\\Mar,p- 

Remark 1. If / = 0 (n = d) then we consider only operators Li,... ,L^ with an functional 
calculus, while if n = 0 {I = d) then we consider only operators Ai,..., A^, with a Marcinkiewicz 
functional calculus. In the latter case we do not require m to be holomorphic. We only assume 
that it satisfies (13.21) of some order p > |l/p — 1/2 |it + 1. 

Remark 2. From the theorem it follows that if m{e^'^'^pX, a), e G {—1,1}”", satisfy the Marcinkiewicz 
condition of some order p > ^{9, a) + 1, then m{L,A) is in fact bounded on all spaces, 
1 < p < oo. 
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Before proving Theorem 13.11 let us first state and prove two corollaries. 

The first of these corollaries provides an joint functional calculus for a general system 
of strongly commuting operators Lj, j = satisfying (ICTRp and (|ATLp . Corollary 13.21 

generalizes [5l Theorem 1] to systems of commuting operators; although it is slightly weaker than 
[5l Theorem 1] in the case d = 1. Recall that cj)* = arcsin \2/p — 1|. 

Corollary 3.2. Let L = (Li,..., L^) be a general system of non-negative self-adjoint strongly 
commuting operators that satisfy both (ICTRh and (jATLp . Fix 1 < p < oo and let m be a bounded 
holomorphic functions of d-variables in S^*. If for some p > (5/2,... , 5/2) we have 

sup \\mt'^{\,a))\\Mar,p < oo, 

£€{- 1 , 1 }'^ 

then m{L) is bounded on and 

(p* 

\\m{L)\\p^p < Cp^dCip,L) sup \\m7{X,a))\\Mar,p- 

£€{- 1 , 1 }'* 

Proof. Using [5l Theorem 1] to the imaginary powers , j = 1,... , d, and interpolating with the 

bound || 2^2 < 1, we obtain (13.3p with arbitrary Oj/2 > 3/2 and (jj, = 4>*. Now, an application 
of Theorem 13.11 (with n = d) gives the desired boundedness. □ 

Remark 1. Note that, as we do not require m to be holomorphic in a bigger sector, our theorem is 
stronger than a combination of [21 Theorem 5.4] and |5l Theorem 1] given in [431 Proposition 3.2]. 

Remark 2. Examples of multiplier functions satisfying the assumptions of the corollary include 
mJ(A) = AJ/(Ai + where cr > 0. The operators mj{L), j = l,...,d, are intimately 

connected with the Riesz transforms, see |43| . 

The second corollary treats the case when all the considered operators have a Marcinkiewicz 
functional calculus, i.e. n = 0 and / = d. It implies that a system A = {Ai,..., A^) has a 
Marcinkiewicz joint functional calculus of a finite order if and only if each Aj, j = 1,..., d, has a 
Marcinkiewicz functional calculus of a finite order. 

Corollary 3.3. We have the following: 

(i) If for each j = 1,... ,d, the operator Aj has a Marcinkiewicz functional calculus of order 
Pj, then the system A = (Ai,..., Ad) has a Marcinkiewicz joint functional calculus of every 
order greater than /? + 1. 

(ii) If the system A = (Ai,..., A^) has a Marcinkiewicz joint functional calculus of order p, 
then, for each j = 1,... ,1, the operator Aj has a Marcinkiewicz functional calculus of order 

Pj. 

Proof. To prove item (i), note that having a Marcinkiewicz functional calculus of order pj implies 
satisfying (|3.4I) with every aj > 2pj. This observation follows from the bounds || ||p^p < 

Cp{l + \vj\)Pp 1 < p < oo, and ||A™"|| 2^2 < 1, together with an interpolation argument. Now, 
Theorem 13.11 (with n = 0 and I = d) implies the desired conclusion. 

The proof of item (ii) is even more straightforward, we just need to consider functions rrij, 
j = 1,... ,d, which depend only on the variable Xj. □ 

Remark. The most typical instance of strongly commuting operators arises on product spaces, 
when each Aj initially acts on some I?‘{Xj, Uj). Moreover, there are many results in the literature, 
see e.g. laiiiiiiittiiiioiiiTiiii], which imply that a single operator has a Marcinkiewicz functional 
calculus. Consequently, using the corollary we obtain a joint Marcinkiewicz functional calculus 
for a vast class of systems of operators acting on separate variables. In particular, we may take 










8 


B. WROBEL 


m(A) = 1 — (Ai + • • • + Arf)'^XAi+'"Aii<i) foi' <^ > 0 large enough, thus obtaining the boundedness 
of the Bochner-Riesz means for the operator Ai + ■ ■ ■ + However, because of the assumed 
generality, these results are by no means optimal. 


To prove Theorem 13.II we need two auxiliary results which seem interesting on their own. First 
we need the boundedness of the square function 


(3.5) 

recall that 


QNiff = 


/ 

tNiNe-ihL) f 

/ (0,cxd)^ 



2 dt 

T’ 


{t, L) = tiLi + • • • + tfiLd- 


This will be proved as a consequence of a d-dimensional variant of O Theorem 5.3] due to Albrecht, 
Franks and McIntosh. 


Theorem 3.4 (cf. [Ul Theorem 2.4]). For each fixed iV G the square function given by 
(1331) preserves the IF norm, i.e. 

Cp,N\\f\\p < \\9N{f)\\p < Cp^NWfWp, l<p<00. 

Proof (sketch). Even though [21 Theorem 5.3] is given only for d = 2 it readily generalizes to 
systems of d operators, with the same assumptions. Hence, we just need to check that these 
assumptions are satisfied. 

Setting hj{z) = z G C, we clearly see that hj G for every g < 7r/2, and 

\hj{z)\ zGSp 

In the terminology of |2] this means that hj G T(S'^), for every g < 7r/2. Observe also that our 
square function is of the form 

dNif)'^ = [ \hi{tiLi)---hci{tdLci)f\‘^ —■ 

J (0,oo)'^ ^ 

Fix j = 1,..., d, and denote T = Lj. By referring to the d-dimensional version of jH Theorem 
5.3] we are left with verifying that: T is of a type u) < 7r/2 (see [H p. 293] for a definition), 
T is one-one, and both DomT and RanT are dense in the Banach space B := The 

reader is kindly referred to consult the proof of |43l Proposition 3.2], where a justification of these 
statements is contained 

A more detailed and slightly different proof of the proposition can be given along the lines of 
the proof of HH Corollary 4.1.2]. □ 


For fixed N gN‘^ and a parameter t = {ti,... ,td) G (0,oo)*^ we set 


d 

rriNdW = exp 

i=i 



m(A). 


Recall that the Mellin transform Ai is given by (12.3p , while , with L^+j = Aj 

and Un+j = Vj, for j = 1,... ,1. Theorem 13.II will be deduced from the following. 


^More formally, we mean here Ai (g> 7(i) • -I- 0 1(d), with the summands given by (12.211 
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Theorem 3.5 (Cf. |32l Theorem 1] and [471 Theorem 2.2]). Let L = {Li,..., L^), be a general 
system of non-negative self-adjoint operators satisfying (|CTRI) and (|ATLp and let 1 < p < oo be 
fixed. If m: (0,00)“^ C is a bounded function such that, for some N G 

m{L,N,p):= sup \M{mN,t){u)\\\L''^\\p^p du < oo, 

46 ( 0 , 00 )“* 

then the multiplier operator m{L) is bounded on L'P{X, v) and 

\\m{L)\\p^p < Cp^d,Nm{L,N,p). 


Proof. The proof follows the scheme developed in the proof of |32[ Theorem 1] and continued in 
the proof of 03 Theorem 2.2], however, for the convenience of the reader we provide details. 

All the needed quantities are defined on H by the multivariate spectral theorem. From 
the inversion formula for the Mellin transform and the multivariate spectral theorem we see that 

(3.6) t^exp{-2~^{t,L))m{L)f =-^ [ M{mN,t){u)V^ f du. 

( 27 r)“ J^d 

Consequently, since t^L^ exp(—2“^(t, L)) is bounded on L^, we have 


(3.7) t^~^^L^~^^eyip{—{t,L))m{L)f = 


(2vr) 


M{rnN,t){u)t^L^ exp ( - -{t,L)){V'^ f) du. 


Note that, for each fixed t G Ri, both the integrals in (|3.6p and (13.7D can be considered as Bochner 
integrals of (continuous) functions taking values in L^. 

Then, at least formally, from Theorem 13.41 followed by (13.711 . we obtain 

{Cp^d,N+i)~'^\\m{L)f\\p < \\gN+i{m{L){f))\\p 


{2ttY J^d 


M.{m]sfd){u)tLexp{—2 ^(t, L))(L®“/) du 




Hence, using Minkowski’s integral inequality, it follows that ||m(L)/||p is bounded by 


\-d. 


/ sup \M{mN,t){u)\ 

if 

tLexpi-2-\t,L))iV^f) 



V JRf 



du. 


Now, observing that 


tLexp(-2-i(t,L))(L‘“/) 




= 2-'9i(L‘“/) 


and using once again Theorem 13.41 (this time with N = 1), we arrive at 

\\miL)f\\p <T^~'^Cp^d,N+i f ll£d(i*“/)llp sup |A4(mAr,t)(u)| du 


<7T-^a 


/ 11-^^' lip—sup IjA//(u)I du II/lip. 
dR-* 4gRd 


Thus, the proof of Theorem 13.51 is finished, provided we justify the formal steps above. This 
however can be done almost exactly as in [321 p. 642]. We omit the details here and kindly refer 
the interested reader to [441 p. 24]. □ 


Remark. The proof of Theorem 13.51 we present here is modeled over the original proof of [32 [ 
Theorem 1] for the one-operator case. In [10] Theorem 2.1] the authors gave a simpler proof of 
[321 Theorem 1]. However, a closer look at their method reveals that it does not carry over to our 
multivariate setting. The reason is that we initially do not know whether multivariate multipliers 
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of Laplace transform type 3 A i—5- Ai • • • f^d exp(—tiAi + • • • t^Xd) K{t) dt, with n being a 

bounded function on that may not have a product form, produce bounded multiplier operators 
on L^. 

Having proved Theorem 13.51 we proceed to the proof of our main result. 

Proof of Theorem \3.1\ The proof is based on applying Theorem l3.5l to the system (Li,..., Ld) with 
Ln+j = Aj, j = 1,... ,1. Note that here the distinction between the operators Lj, j = 1,..., n, 
and Aj, j = 1,... ,1, is relevant. The assumptions (13.3p and (|3.4p imply that it is enough to verify 
the bound 

sup \M{mN,t)iu,v)\ 
ie(o,oo)’*+* 

(3.8) n I 

< ]J(1 + \uj\)-Pi el^p{-(|T \uj\) J|(l + \vj\)-P^+^ max •)||Mar,p, 

i = l i = l ^€{-1.1}^ 

uniformly in {u,v) G M” x The Mellin transform in (|3.8p is 

M{m){u,v)= [ f m(A,a)A-*“a-™^ —, 

where while ^ ^ ^ • Throughout the proof we will sometimes use A = 

(Ai,..., An, An+i,..., Xd) and u = {ui ,..., Un, Un+i, ■ ■ ■, Ud) to denote the variables (Ai,..., An, o) 
and (ui,..., Un,v). In such instances we understand that Xn+j = clj and u^+j = Vj, j = 1,... ,1. 

The proof of (13.8p is an appropriately adjusted combination of the proofs of |451 Theorem 4.2] 
and m Theorem 4.1], based on the usage of Theorem 13.51 The main idea is to change the path 
of integration in the first n variables under the integral in (13.8p . This approach originates in na 
Theorem 2.2]. The proof we present here is a multivariate generalization of both the proofs of |171 
Theorem 2.2] and [321 Theorem 4]. For the sake of completeness we give details. 

Defining = {x G ejXj > 0, j = 1,... ,d}, with e G {—1,1}"^, we note that it suffices 
to obtain (|3.8p separately on each x M.K Thus, till the end of the proof we fix £ G { — 1,1}” 
and take u G By our assumptions, for each fixed a G M()_, N G N'^, t G M” and u G M”, the 
function 

X exp(-2"^(z, {ti,...,tn)) -2~^{a,{tn+i,...,td))) 

is bounded and holomorphic on 

= { 2 : G C”: I Arg( 2 ;j)| < j = 1,..., n}. 

Moreover, m 7 v,t(-z,is rapidly (exponentially) decreasing when Re( 2 ;j) ^ 00 , j = 1,... ,n. 
Thus, for each e G { — 1,1}”, we can use (multivariate) Cauchy’s integral formula to change the 
path of integration in the first n variables of the integral defining XA{mj^d){u,v) to the poly-ray 
{(e*'^i‘^pAi,...,A„): A G M”}. Then, denoting m := and efip = (ei(/)p,...,e„0”), we 
obtain 

g-(n,(£<Ap)> {mN,t) (u, v) 

= [ [ t^iX,a)^ exp{-h{e^^^^Hi,...,e^^‘^'^rtn,tn+i...,td),iX,a))) 

(3.9) Jr"Jr''^ z 

X m(A, a)A-'”a-*” := [ mN,t{X)X-^^ ^ = M{mN,t){u). 

A a jRd A 


In te second to the last equality above it is understood that rt G and A € R!^ with Xn+j = cij, 
Un+j = Vj, for j = 1,... ,1; while ^ denotes the Haar measure on (R+, •). 

We claim that, for u G R'^, 

n 

+ max •)||Mar,p- 

j=i 

Once the claim is proved, coming back to (|3.9I1 we obtain (|3.8jl for u G R”^ and u G R^ hence, 
finishing the proof of Theorem 13.11 

Thus, till the end of the proof we focus on justifying (13.10^ . Let N G N > p, and ?/) be a 
nonnegative, C°° function supported in [ 1 / 2 , 2 ] and such that 

OO 

= 1, r; > 0. 

k=—oo 


(3.10) sup 


teMi 






Then, for ^'^(A) = V’(2^'Ai) • • • ^/(2^‘iArf), 


^ ^'fc(A) = 1, A G 

keZ‘i 


Set 


CjVj ,pj ,Uj 


(_1)P. 


{Nj — iuj) ■ ■ ■ {Nj — iuj + Pj — 1) 


and CN,p,u = CNj 


pj ,Uj • 


i=i 


Changing variables tjXj —)• Xj and integrating by parts pj times in the j-th variable, j = 1,..., d, 
we see that 

M{mN,t){u) = CN,p,ut^^ Y [ A'^+^-*“5^(e-2-^<-’^)m(Ai/ti,...,Arf/td)'kfc(A)) 




where u) G C” x R()_ is the vector w = • • • , For further reference note that 

Re('u;j) > 0 , for each j = 1 ,..., d. 

Leibniz’s rule allows us to express the derivative as a weighted sum of derivatives of the form 
EYtW = e-2-^(--")t-T'(5^m)(Ai/ti,..., Ad/trf)2<"A> (2'=^'A,), 


where 7 = ( 71 ,... , 7 ^) and 6 = (di,... ,5d) are multi-indices such that 7 -|- d < p. Proceeding 
further as in the proof of |32l Theorem 4], we denote 


h,Nnxit,u)^ [ 
dK'? 


dX 


Set Pk=Pki--- Pki with pfc , j = 1,..., d, given by 


Pk, = 


' 2 -A:jPj, 

2 -kENj+Pj) exp(-2-'=^-2 Rewj), 


sot that < OO. 

Observe that it is enough to verify the bound 


if kj > 0 , 
if kj < 0 , 
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uniformly in f G and u € Indeed, assuming (|3.1ip we obtain 

d 

<Cn 

^7>'5.P 

j=l '1+S<P fcgZ*^’ 

d 


sup 


Jr± 


T 


< CAT^pllmll Mar^p 11(1+ 

i=i 


rtd 


-Pi 


and (Id.lOp follows. Thus, it remains to show (jd.lip . 
From the change of variable 2^^ Xj —)• Xj we have 




[ A^+^-T'-*“exp(-2-i(2-^u;,A)) 

7fl/2,2l'i 


Ai 


Ad 


Thus, applying Schwarz’s inequality we obtain 


[ 1 / 2 , 2 ] 
Ai 


_ Ad 

2fciti’---’ 2^Hd 


AmX) y 


14 . 7 V, 


(3.12) 


'[l/2,2]'( 


Ai 


_ 


'[l/2,2]'i 


d'^{m) 


Aiv+P-7 exp(-2-i(2-^ Re(u;), A)) 

1/2 


(iA\ 


1/2 


■ 


Ai 


Ad 


2^iti’'"’ 2^dtd 




Moreover, since Re(t(;j) > 0, for j = 1,..., d, it is not hard to see that 


(3.13) 


qi/2,2]^ 

d p 

Pi 41/2,2] 


A7V+P-7 exp(-2-i(2-^ Re(iu), A)) 


2 dA 


lVi+Pj-7l 


exp (—2 4 ^ Re(t(;j)Aj) 


1/2 


2 dA,- 


1/2 


A,- 


1 , 


if kj > 0, 


|^eXp( —2 4 2 if 

Now, coming back to (I3.12p . we use the assumption that rh satisfies the Marcinkiewicz condition 
of order p together with (|3.13p (recall that y + d < p < N) to obtain (13.lip . The proof of Theorem 
13.11 is thus finished. □ 


4. Weak type results for the system (4, A) 

Here we consider the pair of operators {C® I, I ® A), where C is the d-dimensional Ornstein- 
Uhlenbeck (OU) operator, while A is an operator having certain Gaussian bounds on its heat kernel 
(which implies that A has a Marcinkiewicz functional calculus). We also assume that A acts on a 
space of homogeneous type {Y,Q,p). The main theorem of this section is Theorem 14.11 It states 
that Laplace transform type multipliers of {C® I, I ® A) are bounded from the {Y, /i)-valued 
L^(M'’*, 7 ) to L^’°°{'y® p). Here H^{Y,p) is the atomic Hardy space in the sense of Coifman and 
Weiss [7], while 7 is the Gaussian measure on M'’* given by d'y{x) = 7 r“ 42 g-la:] Additionally, 
in the appendix we show that the considered weak type (1,1) property interpolates well with the 
boundedness on L^, see Theorem lA.ll 
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In what follows we denote by L the d-dimensional Ornstein-Uhlenbeck operator 

-iA + (x,V). 

It is easily verifiable that £ is symmetric on with respect to the inner product on 7). 

The operator C is also essentially self-adjoint on and we continue writing L for its unique 

self-adjoint extension. 

It is well known that £ can be expressed in terms of Hermite polynomials by 

CXD 

fceNg i=o 

on the natural domain 

Dom(£) = {/GL 2 (M^ 7 ): |A:|2 (/,< 00 }. 

fceNg 

Here |A:| = ki + ■■■+ is the length of a multi-index k E Nq, denotes the L^(M‘^, 7 ) normalized 
d-dimensional Hermite polynomial of order k, while 

-Pj/= i E No, 

\k\=j 

is the projection onto the eigenspace of £ with eigenvalue j. 

For a bounded function m: Nq —t C, the spectral multipliers m(£) are defined by (12.ip with 
d = 1. In the case of the Ornstein-Uhlenbeck operator they are given by 

00 

miC)/ = ^ m{kl^ -h = '^m{j)Pjf. 

fceNg i=o 

Let m be a function, which is bounded on [0, 00 ) and continuous on R_|_. We say that m is an 
LP(R'^, 7 )-uniform multiplier of £, whenever 

sup < 00 . 

Observe that by the spectral theorem the above bound clearly holds for p = 2. Using EH Theorem 
3.5 (i)] it follows that, if m is an LP(R'^, yj-uniform multiplier of £ for some 1 < p < 00 , p 7 ^ 2, then 
m necessarily extends to a holomorphic function in the sector S",^* (recall that 4>* = arcsin | 2 /p— 1 |). 
Assume now that m{tC) is of weak type (1,1) with respect to 7, with a weak type constant which 
is uniform in t > 0. Then, since the sector approaches the right half-plane 57^/2 when p —)• I"*", 
using the Marcinkiewicz interpolation theorem we see that the function m is holomorphic (but not 
necessarily bounded) in S'j 7 / 2 - An example of such an m is a function of Laplace transform type 
in the sense of Stein |39l pp. 58, 121], i.e. m{z) = 2; e~^^K{t) dt, with k E £°°(R+,dt)|l 

Let now A be a non-negative, self-adjoint operator defined on a space Lp'iY^p), where Y is 
equipped with a metric C, such that (T, (^, p) is a space of homogeneous type, i.e. p is a doubling 
measure. For simplicity we assume that p(T) = 00 , and that for all X 2 E T, the function (0, 00 ) 9 
R I—)• p{B(^{x 2 , R)) is continuous and lim/j^o li(-B^(3;2, d?)) = 0. We further impose on A the 
assumptions ()CTRp and (lATLp of Section [2l Throughout this section we also assume that the 
heat semigroup has a kernel e~^^{x 2 , P 2 ), 2/2 £ Y, which is continuous on R"*" xY xY, and 

satisfies the following Gaussian bounds. 

(4.1) 0 < e~^^{x2,y2) < exp(-cC(x2, y2f/t), 

p{B{x2,Vt)) 


^Taking «(/) = e so that m{z) = zRz + i), we see that these multipliers may be unbounded on S^/ 2 - 
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We also impose that for some 5 > 0, if 2^( 1 / 2 > 2 / 2 ) — C{x 2 -,y 2 )-, then 

(4.2) |e~*^(x 2 , 2 / 2 ) - e~*^(x 2 , 2 / 2)1 < ^)) 2/2)V^). 

while in general, 


(4.3) 


e ^^{X2,y2) - e 


-tA 


< (M 


C 




From |36l Theorem 2.1] (or rather its version for a single operator), it follows that, under (14.11) . 
the operator A has a finite order Marcinkiewicz functional calculus on 1 < p < 00 . 

Examples of operators A satisfying (|4.1I) . (14.2p . and (|4.3p include, among others, the Laplacian 
— A and the harmonic oscillator — A + |xp on L^(]R'^, dx), or the Bessel operator —A — Yl'j=i 
(see m Lemma 4.2]). 

Denote by = H^(Y,(^,p) the atomic Hardy space in the sense of Coifman-Weiss |7j. More 
precisely, we say that a measurable function b is an Lf^-atom, if there exists a ball B = Y, 

such that supp b G B, < l/p{B), and Jy 6 (x 2 )d/r(x 2 ) = 0. The space is defined 

as the set of all g E L^(Y,iJ.), which can be written as g = '^’^iCjbj, where bj are atoms and 
|cj| < 00 , Cj E C. We equip with the norm ||/||j|/i = inf where the infimum 

runs over all absolutely summable {cjjjeN) for which g = Y^^iCjbj, with bj being iL^-atoms. 
Note that from the very definition of we have IIs'Hli/y,^) < Ili/llHi- 
It can be shown that under (|4.ip . (14.21) . and (14.3p . the space 

Hlnax = {g^ L^iY,g): sup|e"*^ 5 -| E L^iY,p)} 

t>o 


coincides with the atomic i.e., there is a constant such that 

(4-4) < II sup|e"*^g|||^i(y_^^ < g e H^{Y). 


The proof of (14.41) is similar to the proof of m Proposition 4.1 and Lemma 4.3]. The main trick 
is to replace the metric C with the measure distance (see 0) 

C{x 2 ,y 2 ) = inf{/^(^): H is a ball in Y, X 2 , 2/2 G B}, 


change the time t via 

g{B{y,Vi)) = s, y eY, t, s > 0, 

and apply Uchiyama’s Theorem, see |42l Corollary 1’]. We omit the details. Note that by taking 
r = e“*, the equation (14.4p can be restated as 

(4.5) C-^\\9\\h^ <\\ sup \r^g\\\ ,, .< C^\\g\\Hi, g G H^{Y). 

0<r<l ' 

For fixed 0 < e < 1/2, define MA,e{g){x) = /y sup^^^^^.^ |r^(x 2 , 2 / 2 )! | 5 ( 2 / 2 )| d/u( 2 / 2 )- Then, a 
short reasoning using the Gaussian bound (14.11) and the doubling property of g gives 

(4.6) WMaMWlHy,^.) < C,A\g\\Ll(x,^.p g G L\Y,g). 

Denote by L^(dL^) the Banach space of those Borel measurable functions / on x Y such that 
the norm 


(4.7) 


\\f\\Li{Hi) 


\\f{xir)\\Hi d-fix), 
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is finite. In other words is the ^^( 7 ) space of ^-valued functions. Moreover, it is the 

closure of 

(M'^) © i/1 := // E Li (iii): / = ^ /; © ff, fj e L1 ff E ii4 
^ j ^ 

in the norm given by (14.7p . 

From now on in place of L and A we consider the tensor products C® I and I ® A. Slightly 
abusing the notation we keep writing C and A for these operators. For the sake of brevity we 
write || • ||p and || • ||p^p, instead of 7 © ^u), || • ||ip, and || • \\lp^lp^ respectively. We 

shall also use the space L 1 ’°° := x 1 ", 7 © //), equipped with the quasinorm 

(4.8) II/IIli.°° = sups( 7 ©//)(]R'^ X Y: \ f{x)\ > s). 

s>0 

Let S be an operator which is of weak type (1,1) with respect to 7 © /i. Then, ||5||j;^i_j.j;^i.oo = 
SUP||J ||^=1 \\Sf\\Ll ,00 is the best constant in its weak type ( 1 , 1 ) inequality. 

Let m be a bounded function defined on [0, 00 ) x (t{A), and let m{C,A) be a joint spectral 
multiplier of (C, A), as in (| 2 .ip . Assume that for each t > 0, the operator m{tC, A) is of weak type 
( 1 , 1 ) with respect to 7 © /i, with a weak type ( 1 , 1 ) constant uniformly bounded with respect to 
t. Then, from what was said before, we may conclud^ that for each fixed a E (j{A) the function 
m(-, a) has a holomorphic extension to the right half-plane. We limit ourselves to m being of the 
following Laplace transform type: 

poo 

(4.9) m{X, a) = a) := X / K,{t) dt, (A, o) E [0, 00 ) x M_|_, 

Jo 

with K E L°°(R_|_, dt). In what follows we denote ||k||oo = ||«^||L°°(]R+,(it)- 

Observe that under the assumptions made on A, the function gives a well defined bounded 
operator mn{C,A) on L^. Indeed, since X{a=o}{^^ ■^) = 0, we have 

m^{C,A) = m^^{C,A)x{a>o}{^^^)- 

Moreover, 771 ^( 0 , 0 ) = 0 for a > 0, and, consequently, the function m^iX, a)x{a>o} is bounded on 
[0, 00 ) X M_|_. Now, using the multivariate spectral theorem we see that mn{C,A) is bounded on 
L\ 

The operator A) is also bounded on all spaces, 1 < p < 00 . This follows from Corollary 

[321 Moreover, we have ||m||p^p < Cp, with universal constants Cp, 1 < p < 00 . 

However, the following question is left open: is mK,{C,A) also of weak type (1,1)? The main 
theorem of this section is a positive result in this direction. 

Theorem 4.1. Let £ be the Ornstein-Uhlenbeck operator on L^(M'^, 7 ) and let A be a non-negative 
self-adjoint operator on LffY, (j, p), satisfying all the assumptions of Seetion\^ and such that its heat 
kernel satisfies (|4T|), dO]) and dH, as described in this section. Let k be a bounded function on 
M_l_ and let be given by (14.9p . Then the multiplier operator mK{C,A) is bounded from L^(iL^) 
to ® t): i-e- 

(4.10) ( 7 © ju)({x E X T: \m^{£, A)f{x)\ > sj) < ||/||Li(gi)’ > 0- 

Remark 1. Observe that Lp' 0 L}^{H^) is dense in L^(Fl^). Thus, it is enough to prove (14.101) for 
/EL 2 nLi(lLi). 


®At least in the case when A has a discrete spectrum. 
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Remark 2. Examples of multiplier operators of the form mt^{C,A) include the Riesz transforms 
C{C + A)~^ (here k = 1 ) or the partial imaginary powers tt G M (here = 

t*“/r(irt + 1)). Note that since I = C{C + A)~^ + A{C + A)~^, the boundedness of C{C + A)~^ 
implies also the boundedness of A[C + A)~^ from to 0 ^i)- 

Altogether, the proof of Theorem Id.ll is rather long and technical, thus for the sake of the clarity 
of the presentation we do not provide all details. We use a decomposition of the kernel of the 
operator T := mf^{C,A) into the global and local parts with respect to the Gaussian measure in 
the first variable. The local part will turn out to be of weak type (1,1) (with respect to 7 ( 8 > /r) 
in the ordinary sense. For both the local and global parts we use ideas and some estimates from 
Garcia-Cuerva, Mauceri, Sjogren, and Torrea m and [19| . 

Set = KX[£ 7 /e], 0 < e < 1. Then, using the multivariate spectral theorem together with 
the fact that A satisfies (lATLp . we see that lim£^Q+mKs((T, A)) = ^.^((T, A)), strongly in L^. 
Consequently, we also have convergence in the measure 7 ( 8 ) /r. Since, clearly ||k^||l°°(r+) ^ 
||k||oo, it suffices to prove (I4.10p for k such that suppK C [e, l/e]0 Thus, throughout the proof of 
Theorem O we assume (often without further mention) that k is supported away from 0 and 00 . 
Additionally, the symbol < denotes that the estimate is independent of n. 

In the proof of Theorem 14.II the variables with subscript 1, e.g. Xi,yi, are elements of M'^, while 
the variables with subscript 2, e.g. X 2 ,y 2 ) are taken from Y. 

We start with introducing some notation and terminology. Define 

= {/ £ ■ supp / is compact} = {/ G L°°(M'^ x T, A 0 //): supp / is compact}, 

where A is Lebesgue measure on Denoting x T, A ( 8 ) /r) := LP{A ( 8 ) /u), we see that 

for each 1 < p < 00 , is a dense subspace of both 1/“ and I/‘(A (8> /u). In particular, any 
operator which is bounded on or L^^A® y) is well defined on We also need the weak space 
^i,oo(A (g) .= j^i,oo^^d X y, A ( 8 ) equipped with the quasinorm given by (14.8p with 7 replaced 

by A. An operator S is of weak type (1,1) precisely when 

l|5'||Li(A(g)/i)->-Li’°°(A(g)/i) = sup 11 S'/11^1 .00 < 00 . 

ll■fllLl(A®M) = l 

Let 7 be the product metric on x Y, 

(4.11) r]{x,y) = max{\xi-yi\,C{x 2 ,y 2 )), x,yeW^xY. 

Then it is not hard to see that the triple (M'^ x T, 7 , A ( 8 ) /r) is a space of homogeneous type. 

Definition 4.12. We say that a function S{x,y) defined on the product (M'^ x T) x (M®* x Y) is 
a kernel of a linear operator S defined on if, for every / G and a.e. x G x T, 

Sf{x)= [ [ S{x,y)f{y)dn{y 2 )dyi. 

jRd Jy 

Remark 1. We do not restrict to x 0 supp /; the operators we consider later on are well defined in 
terms of their kernels for all x. This is true because of the assumption that k is supported away 
from 0 and 00 . 

Remark 2. The reader should keep in mind that the inner integral defining Sf{x) is taken with 
respect to the Lebesgue measure dyi rather than the Gaussian measure d'y{yi). The reason for 
this convention is the form of Mehler’s formula we use, see (14.141) . 


^This reduction was suggested to us by Prof. Fulvio Ricci. 
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Let AirixiiUi), X\,yi G 0 < r < 1, denote Mehler’s kernel in i.e. the kernel of the 


operator r‘~ = e with r = e It is well known that, for 0 < r < 1, 

| 2 ' 


(4.13) 


A^r(xi, 2 /i) = vr '='/2(l_r2) '='/2 


exp 


\rxi - yi\ 


xi,yi G 


I — j-2 

and that, for all g G L^’(M'^, 7 ) with 1 < p < oo, 

(4.14) r^g[xi)= Mr{xi,yi)g{yi)dyi, xi 

In particular, using (14.1411 it can be deduced that {e“*'^}t>o satisfies the contractivity condition 
(jCTRp . Additionally, a short computation using (14.1311 gives 


G 


(4.15) 


drMr{xi,yi) =TT ^dr - - {rxi -yi,xi)^ (1 - ?’^) 

2 


_ 2\-d/2-l 


X exp 


\rxi - yi 


1 _ y.2 

From the above we see that, if e < r < 1 — e, for some 0 < e < 1/2, then 

(4.16) \drMr{xi,yi)\<Ce{l + \xi\). 

Note that, since k is a bounded function supported away from 0 and infinity, the function 
^log(^) = '^(~logr), 0 < r < 1, is also bounded and supported away from 0 and 1, say in an 
interval [e, 1 — e], 0 < e < 1/2. Moreover, we have ||K||Loo((o,oo),(it) = ll^iog||L°°((o,i),(it)• Iii what 
follows, slightly abusing the notation, we keep the symbol k for the function Kiog- 
The change of variable r = leads to the formal equality 


T = 


[ K(r)Cr^r^—= [ K{r)drr^r^ dr. 

Jo r Jq 


Suggested by the above we define the kernel 

K{x,y)= drMrixi,yi)r^{x 2 ,y 2 )K{r)dr, xi,?/iG 
40 

with r^{x 2 ,y 2 ) = 2 / 2 )- Then we have. 


X2,y2 G Y, 


Lemma 4.2. The function K is a kernel of T in the sense of Definition 4-12. 

Proof (sketch). It is enough to show that for f,h& we have 

(4.17) {Tf,h)=f f K{x,y)f{y)h{x)d{K® g){y)d(^ ® y){x). 

JRd-xY JRdxV 

From the multivariate spectral theorem together with Fubini’s theorem we see that 


G 


(4.18) {m{C,A)f,g)L 2 = [ K(r)(£r^ V^/,/i)l 2 dr, f,h 

Jo 

Now, by the multivariate spectral theorem Cr^~^{r^f) = {drr^){r^f), where on right hand side 
we have the Frechet derivative in L^. Thus, {Cr^~^r^f,h)i 2 is the limit (as <5 —>■ 0) of 

(4.19) 5-\iir + 6f-r^)r^f,h)L^ 


/ / 

Jr 


J^r+5{xi,yi) J\Arixi,yi) y 2 )f{y) h{x) d{A ® g){y) d{j 0 /i)(x) 
ly-Y 0 
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Since f,g& L^, using (|4.6p . (14.161) . and the dominated convergence theorem we justify taking 
the limit inside the integral in (14.191) and obtain 

= [ [ drMr{xi,yi)r^{x 2 ,y 2 )f{y)h{x)d{K® g){x). 

jRdxY 

Plugging the above formula into (I4.18p . and using Fubini’s theorem (which is allowed by (14.6p . 
(I4.16P and the fact that suppK C [e, 1 — e]), we arrive at (|4.17p . as desired. □ 


Let Ng, s > 0, he given by 

Ng = {{xi,yi)eR^xR<^ 


■ \xi - yi\ < 




1 + kil + \yi\ 

We call Ng the local region with respect to the Gaussian measure 7 on M^. This set (or its close 
variant) is very useful when studying maximal operators or multipliers for C. After being applied 
by Sjogren in m, it was used in HZI, ng, ng, and [ 28 j . among others. 

The local and global parts of the operator T are defined, for / E by 

(4.20) T^^°’'f{x)= [ [ {I - XN2{xi,yi))K{x,y)f{y)dy{y2)dyi, 

jRd, Jy 

and 

r'°7(x) = T/(x) - r^'°V(x), 

respectively. The estimates from Proposition 14.31 demonstrate that the integral (I4.20|) defining 
Tglob jg absolutely convergent for a.e. x, whenever f £ L^. 

Note that the cut-off considered in (I4.20p is the rough one from |181 p. 385] (though only with 
respect to Xi,yi) rather than the smooth one from [191 p. 288]. In our case, using a smooth 
cut-off with respect to does not simplify the proofs. That is because, even a smooth cut-off 
with respect to Xi,yi may not preserve a Calderon-Zygmund kernel in the full variables {x,y). 
Moreover, the rough cut-off has the advantage that (J'^ocyoc _ rpioc^ 

We begin with proving the desired weak type (1,1) property for Since 

r"'°'/(x) = / V 

4o Jmd. 

and supp k C [e, 1 — e] we have 


drMr{xi,yi)xNs{xi,yi) r^(/(yi, •))(a^ 2 ) dyi K{r) dr 


|r5“/(x)| < M 


'■1—e 


\drMr{xi,yi)\xNsixi,yi)\r^if{yi,-))ix 2 )\dyidr 


< K 



\drMrixi,yi)\xN^{xi,yi) sup \r^{f{yi,-)){x 2 )\dyidr 

e<r<l—e 


(4.21) 

I:::: 11 ^lloo 

Jo JRd 
■■= ||K||oor|“/(x). 

Moreover, the following proposition holds. 

Proposition 4.3. The operator is well defined on and hounded from to 

fi), with a bound independent of 0 < £ < 1/2. Thus, T^^°^ is also well defined on and we have 

{x®pi){{x£R^ xY: \T3^°'^f{x)\ > s}) < 


7(//!)’ 


s > 0. 


Proof. By (|4.21h it clearly suffices to focus on Tf°^. 

Using the finite sign change argument, i.e. the inequality (2.3) from the proof of |19] Lemma 
2.1], we see that 

Tf°^f{x)<C [ sup Mrixi,yi)xN^{xi,yi)f 2 {yi,X 2 )dyi, 

JRd, 0<r<l 
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where /|(xi,X2) = |r"^(/(xi, •))(a:2)|. Moreover, from [T9l Theorem 3.8] and [371 

Lemma 2] it follows that the operator 

3 g ^ / sup Mr{xi,yi)xN^{xi,yi)\g\{yi)dyi :=Tig{xi), 

JR'* 0<r<l 

is of weak type (1,1) with respect to 7 . Hence, using Fubini’s theorem we have 

( 7 ® h)({a; € M'" X T: \Tt^fix)\ > s}) = [ 7({xi G M'": \Tf°^fix)\ > s}) dgix^) 

JY 

< / l{{xi \T*{f 2 {-,X 2 )){xi)\ > s})dg{x 2 ) < [ — [ f 2 {xi,X 2 ) d-fixi) dg{x 2 ) 

JY JY S jRd 

(4.22) =— f f sup |r^(/(xi, •))(a;2)| dAi(a:2) d7(a;i)- 

^ JR‘* Jy s<r<l—e 

Now, from (14.6p we see that, for each fixed 0 < e < 1/2, the operator is of weak type (1,1) 
with respect to 7 ( 8 ) /i; in particular, it is well dehned for f £ L^. Finally, using (j4.22D and (14.5p . 
we obtain the (independent of e) boundedness of from to L ^’°°(7 ® yi). □ 

Now we turn to the local part As we already mentioned, turns out to be of (classical) 
weak type ( 1 , 1 ) with respect to 7 ( 8 ) /U. 


Proposition 4.4. The operator is of weak type (1,1) with respect to 7 ( 8 )^, and ||T^“||j;^i^^i,oo < 
||k||(X). Thus, T^°^ is also bounded from L^(Ff^) to L ^’°°(7 ( 8 ) /x), and 

( 7 ® h)({^ G M" X T: |r^“/(x)| > s}) < , > 0 . 

From now on we focus on the proof of Proposition 14.41 The key ingredient is a comparison (in 
the local region) of the kernel K with a certain convolution kernel K in the variables (a:i,yi), i.e. 
depending on (xi — yi,X 2 ,y 2 )- We also heavily exploit the fact that in the local region N 2 the 
measure 7 ® /i is comparable with A 0 g. 

For further reference we restate [191 Lemma 3.1]. The first five items of Lemma [4.51 are exactly 
items i)-v) from m Lemma 3.1], item vi) is [T9l eq. (3.2) p. 289], while item vii) is [T9l eq. (3.3) 
p. 289]. 


Lemma 4.5. There exists a family of balls on 



such that: 

i) the family {Bj : j G N} covers 

ii) the balls {jBj: j G N} are pairwise disjoint; 

in) for any /? > 0, the family {^Bj: j G N} has bounded overlap, i.e.; supYlj XjJBjixi) < C; 

iv) Bj X 4i?j C Ni for all j G N; 

v) if xi G Bj, then B{xi, 2o(TTRr]T) - 

vi) for any measurable V C ABj, we have 7 (H) ~ e“l^il^A(H); 

vii) A'i/7 C Bj X 4:Bj C N2. 


The next lemma we need is a two variable version of [191 Lemma 3.3] (see also the following 
remark). The proof is based on Lemma 14.51 and proceeds as in |19| . We omit the details, as the 
only ingredient that needs to be added is an appropriate use of Fubini’s theorem. In Lemma 14.61 
by u we denote one of the measures 7 or A. 
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Lemma 4.6. Let S be a linear operator defined on L’fi’ and set 

Sifix) = '^XBjixi)S{x4Bjiyi)f){x), 

3 

where Bj is the family of balls from Lemma \4.5\ We have the following: 

i) If S is of weak type (1,1) with respect to the measure v® g,, then Si is of weak type (1,1) with 
respect to both x ® h A® p,; moreover, 

11*^1 II“1“ ll'S'l ||Li(A®/i)—^ II'S'IIli (i/(gi^)—■ 

a) If S is bounded on xY,v® /i), for some 1 < p < oo, then Si is bounded on both 

and L^(A ® fj,); moreover, 

ll'S'l lip—+ II'S'l II AP(A(g)p)—>-LP(A(gip) ~ \\^\\lp{u(Siu)^Lp{u®ij,)- 

We proceed with the proof of Proposition 14.41 Decompose T = D + T, where, 

K{r) dr[r^ - r^f dr, 

Jo 


Df = 


Tf= [ K{r)dre‘i^^ ^^^^r^fdr, 

Jo 

with A being the self-adjoint extension of the Laplacian on Observe that, by the 

multivariate spectral theorem applied to the system (—A, A), the operator T is bounded on Lfi{A® 
fi). Consequently, T and thus also D = T — T, are both well defined on 
We start with considering the operator T. First we demonstrate that 

T = / K{r) r^ dr 

Jo 

is a Calderon-Zygmund operator on the space of homogeneous type x Y,rj, A® p.); recall that 
rj is defined by (14.111) . In what follows K is given by 


K{x,y)= / K{r)drWr{xi-yi)r^{x 2 ,y 2 )dr, 

Jo 

yVr{xi,yi) = 7r"‘^/^(l - r^)"‘^/^exp ^ 


with 

(4.23) ' ^ ' ) '"""n I .. 2 

1 — 

In the proof of Lemma 14.71 we often use the following simple bound 

exp{—fit~^) dt < a > 1, /3 > 0, 

cf. |40l Lemma 1.1], without further mention. 


f 


Lemma 4.7. The operator T is a Calderon-Zygmund operator associated with the kernel K. More 
preeisely, T is bounded on x Y,r],A® y), with 

(^•24) ll^'llL2(A(g)^)^L2(^0^) < ll^lloo) 

and its kernel satisfies standard Calderon-Zygmund estimates, i.e. the growth estimate 

11 ^ 11 nn 


(4.25) 


\Kix,y)\ 


< 


{A® y){B{x,r]{x,y)))' 


xfi^y, 
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and, for some <5 > 0, the smoothness estimate 
(4.26) \K{x,y) - k{x,y')\ < 


.V{x,y) J {A® y){B{x,y{x,y))) 
Consequently T is of weak type (1,1) with respect to A® y, and 


2r/(y,y') < v{x,y). 


{A®y){x eR^xY: \ ff{x)\ > s) < 


At 11^1 


Li(y,At)> 


s > 0. 


Proof As we have already remarked, by spectral theory T is bounded on k{A® p), and we easily 
see that (14.241) holds. Additionally, an argument similar to the one used in the proof of Lemma 
14.21 shows that T is associated with the kernel K even in the sense of Definition 14.121 

We now pass to the proofs of the growth and smoothness estimates and start with demonstrating 
(14.251) . An easy calculation shows that 


(4.27) drWrixi - yi) = 7r-‘^/V(l - exp 

Hence, we have for Xi,yi E 

(4.28) \drWr{xi -yi)\< r(l - r)-‘^/2-i exp - 


(4.29) 


\drWr{xi - yi)\dr < \xi - yi 


l-d 



\d 

V 1 - r2 y 

2 — 

\xi 

0 < r < 1. 

4(1 -r) J’ 

‘S 


xi,yi € M"*, 

xi y yi- 


From ()4.28p we see that 
(4.30) \[drWr{xi -yi)]^=g-t| < < 


(^^-d/2-l 


exp 


ct 


t < 1, 


Ce *exp — c|xi —yif , t > 1. 


Thus, coming back to the variable t = — logr and then using (14.Ih . we arrive at 


\kix,y)\ < ||k| 


■f 


^-d/2-l 


exp 


\xi - yi\ 


ct J p{B{x2,Vi)) 


exp 


C^{x2,y2) 


ct 


dt. 


A standard argument using the doubling property of p (cf. (14.321) 1 shows that we can further 
estimate 

rf{x,yy 


\K{x,y)\ 


< 


p{B{x 2 ,v{x,y))) 


/A—uxp( 


2ct 


dt. 


The last integral is bounded by a constant times r]'^{x,y), which equals CdA{B^.^{xi,p{x,y))). 
Thus, (14.251) follows once we note that 


1 _ 1 

A{B\.\{xi,p{x, y))p{B(^{x 2 , r]{x, y))) (A ® p){B{x, p{x, y)))' 

We now focus on the smoothness estimate (I4.26p . which is enough to obtain the desired weak 
type (1,1) property of T. We decompose the difference in (|4.26p as 

k{x,y) - k{x,y') = [k{x,y) - k{x,y[,y 2 )] + [k{x,y[,y 2 ) - k{x,y')] = h + h- 

Till the end of the proof of (I4.26P we assume r]{x,y) > 2r]{y,y'), so that rj{x,y) « r]{x,y'). 
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We start with estimating I 2 and consider two cases. First, let |xi — yi\ < C{x 2 ,y 2 )- Then, 
V{x,y) = C{x 2 ,y 2 ) > 2r/(y,y') > 2C(i/2, ^ 2 ) and consequently, C{x 2 ,y 2 ) ~ C{x 2 ,y 2 )- Now, coming 
back to the variable t = — log r and using (14.301) we have 


f 


^-d/2-1 


exp 


\xi-y'i\‘^ 

ct 


\h\ < Halloo 

Hence, from (14.2j) it follows that 

(4.31) \i2\<M\ocC{y2,y2)^ [ ^ 

Jo y{B[X 2 ,Vt) 

Using the doubling property of /r it is not hard to see that 


^-d/2-l-(5/2_ 


|e *^(x2,2/2)-e *^(x2,y2)| dt- 

7/2 (x,y)' 


exp 


ct 


dt 


(4.32) -i- — 

y{B{x2,Vi) 

and consequently. 


exp 


r/2(x,y) 


d 


< 


1 


y{B{x 2 ,v{x,y))) 


exp 


7/2 (x,y) 


2ct 


/\S 


\h\<M 00 C(y2,y2) 


1 


f 


y{B{x 2 ,ri{x,y))) Jq 
^M\ooC{y2,y2fy{x,y)~^ 


y{B{x2,v{x,y))) 


t-''/2-i-'5/2exp 
(r/2(x,y))“'^/^ 


if{x,y) 


3ct 


dt 


thus proving that 
(4.33) 


Idol < 


C{y2,y2) 


vix,y) J y){B{x,r]{x,y))) 

Assume now that C{x 2 ,y 2 ) < |a^i — yi|- In this case i]{x,y) = \xi — yi\ > 2r]{y,y') > 2\yi — y[\, 
so that |xi — 7 / 1 1 ~ \xi — 7/(1. Hence, proceeding similarly as in the previous case (this time we use 
(14.3p instead of (14.21) 1. we obtain 


17=1 < “*■ 

The latter quantity has already appeared in (I4.3ip and has been estimated by the right hand side 
of (lO^ . 

Now we pass to Ii. A short computation based on (I4.27h gives 

7:'^^‘^d,.drWr{z) = -2r(l - zj (^d + 2- 2^^-^^ exp , zGR^. 

From the above inequality it is easy to see that 

|9.,8rn',(2)| < r(l - 

and consequently, after the change of variable e“* = r, 

\d^jdrWriz)\^^^_,\ < exp 0 < t < 00 . 

Hence, from the mean value theorem it follows that for |xi — yi\ > 2\yi — 7/(|, 

(4.34) I [drWr{xi - 7 / 1 ) - drWr(xi - y[)]^^^_t I < t-d/ 2-1 

while for arbitrary Xi,yi, 

(4.35) I [drWrixi - 7 / 1 ) - drWrixi - 7/'i)]^^g_t | < ^-7^/2-! ^ 































23 


Moreover, at the cost of a constant in the exponent, the expression \yi — y'i\/y/t from the right 
hand sides of (14.341) and (|4.35p can be replaced by {\yi — y'^\t~^/‘^Y, for arbitrary 0 < <5 < 1. If 
\yi—y'i\ < y/t, this is a consequence of (I4.34p and (j4.35p . while ii\yi — y'i\ > y/t it can be deduced 
from (|4.34p and (14.301) . Similarly as it was done for I 2 , to estimate Ji we consider two cases. 

Assume hrst \xi — yi\ > C{x 2 ,y 2 ), so that r]{x,y) = |xi — yi\ > 2rj{y,y') > 2\yi — y[\ and 
~yi\ ~ —y'll- Therefore, using (14.11) and the version of (|4.34p with {\yi — yi\t~^^'^)^ in place 
of \yi - y'i\/Vi, we obtain 


|/i| < ||«;||oo|yi 



^-d/2-l-(5/2_ ^ _ 

fl{B{x2,Vi)) 


exp 


ct J 


Almost the same quantity appeared already in (I4.3ip . thus employing once again previous tech¬ 
niques, we end up with 

I4 3fii 1 . I ^ -2/11 V Halloo 

^ ^ V Vi^.y) J (A®/r)(B(x,r?(x,y)))- 

Assume now that \xi - yi\ < Cix 2 ,y 2 ), so that r/(x,y) = C(x 2 ,y 2 ) > 2?](y,y') > 2C(y2,yl) and 
Cix 2 ,y 2 ) ~ Q{x 2 ^y' 2 )- This time, from (14.11) and the 5 version of (|4.35p we have 


\h\ < ||K||oo|yi 



^-d/2-l-(5/2__ 

lj{B{x2,Vi)) 


exp 


ct J 


which has been already estimated by the right hand side of (I4.36p . 

Finally, (I4.26P follows after collecting the bounds (I4.33P and (I4.36p . thus finishing the proof of 
Lemma I4TI □ 


Now we focus on the operator D = T — T. Since T and T are associated with the kernels K 
and K, respectively, D is associated with 

D{x,y) = [ [ K{r)dr[r^{xi,yi) - -yi)]r^{x 2 ,y 2 )dr. 

Jo Jo 

Using (14.61) . (I4.28p . and the fact that supp k C [e, 1 — e], it is not hard to see that 

fgiobf(^x)= f f XN^K{x,y)f{y)dfi{y2)dyi, 

Jr'* Jy 

is a well dehned and bounded operator on L^(A (8) /r). Thus, 

D3^°^f{x) := T3^°^f{x) - f3^°^f{x) = [ [ xn^D{x, y)f{y) dy{y 2 ) dyi, 

jRd Jy 

is a well defined operator on L“. Consequently, D^°'^f{x) := Df{x) — D^^°^f{x) is also a.e. well 
defined for / G Moreover, we have D^°'^ = where := T — 

We shall need an auxiliary lemma. Recall that JAr and Wr are given by (14.131) and (I4.23|) . 
respectively. 


Lemma 4.8. If {xi,yi) G N 2 , then we have 


(4.37) 


Di{xi,yi) := / \drJArixi,yi) 

Jo 


drWr{xi -y\)\dr 


< 




C{1 + |xi|)log 


c 

\xi\\xi-yi\ ’ 


if 


d > 1, 

d = 1. 
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Proof. We proceed similarly to the proof of m Lemma 3.9]. Since for (xi,yi) from the local 
region N 2 we have 

(4.38) \xi - yip + (r - l)^|xip - (7(1 - r) < \rxi - yip < (r - l)^|xip + \xi - yip + (7(1 - r), 
therefore 


\rxi - yiL 
--exp 


and 

(4.39) 


1 - 


\{rxi - yi,xi )\exp - 


\rxi -yil 

1 _ j ,2 


\rxi - yiL 
2(1 -r 2 ) 


^ exp 


\xi - yil 
2(1 -r^) J' 


< 


rxi — yi| exp 


Fi - yi| 


4(1 — r) 

Thus, using (I4.15h we obtain for (xi,yi) € N 2 , 


xi| exp - c(l - r)|xip < 1 . 


(4.40) 


\drMrixi,yi)\ < (1 - r) ^ 


exp 


\xi - yil 


Note that the above inequality implies 

ri 


(4.41) 


(0 


\dr Mr{xi,yi)\ < |xi - yi 


\-d 


4(1 — r) 

, (xi,yi)GlV2- 


0 < r < 1 . 


Using (I4.40p and (I4.28P we easily see that 
. 1/2 

\drMr{xi,yi) - ^^^^(xi - yi)| dr < 1, (xi,yi) G N 2 


f 


which is even better then the estimate we want to prove. 

Now we consider the integral over (1/2,1). Denoting r(xi) = max(l/2,1 — |xip) and using once 
again (I4.40p and (|4.28h we obtain 


rr(xi) 

Jl/2 


\drJAr{xi,yi) - drWr{xi -yi)\dr 


< 


r(^l) , 1 ^1-VI 1 " 

/ (1 — ?■) ^ ^ 4(l-r) 

Jl/2 


The above quantity is exactly the one estimated by the right hand side of (14.371) in the second 
paragraph of the proof of m Lemma 3.9]. It remains to estimate the integral taken over (r(xi), 1). 
Using the formulae (|4.15p and (I4.27P together with (I4.39P we write 

u 

\drJ^r{xi,yi) - drWr{xi - yi)| dr <Ji + J 2 , 

/ r(xi) 


f 


with 


Ji = 


r n \-d/2-i r. 2|rxi-yip. f |rxi-yip\ 


fj 2|xi-yip 

- [d - 1 —I exp 


— 


■h =\xi\ 


lr(xi) 


( 1 -r) 


-d/2-1/2 


exp 


Fi - yi\ 

1 _ j ,2 

ki - yi 


dr, 

|2 


8(1 - r) 


dr. 


The quantity J2 has been already estimated in the proof of m Lemma 3.9, p.l2], thus we focus 
on Ji. For fixed r,xi,yi denote 


ip{s) — (t>r,xi,yiis) — I d 


2pxi - yil 

1 — r2 


exp 


|sa;i - yil 
1 — r2 
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SO that 


Ji= i^-r) ^\4>r,xuyi{l) - 4'r,xuyii'^)\dr. 

Jr[xi) 


Since 


\ o/ (d +2)(sxi - yi,xi) {sxi-yi,xi)\sxi-yi\^ 

V? (s) = 2-;--+ 2- - -- ) exp 


l-r2 (l-r2)2 

by using (I4.38P and (I4.39h with r replaced by s, we obtain 

l<^'('S)| < ki|(l - r)“^/2gxp ( - 


| 5 a;i - yi\ 

1 _ J,2 


8(1 -r) 

Thus, by the mean value theorem 

Oil < kll /‘ (1 - 

ir(xi) V 8(1 - n 

Recalling that J 2 was estimated before, we conclude the proof. 


dr = J 2 . 


□ 


As a corollary of Lemma 14.81 we now prove the following. 

Lemma 4.9. The operator D^°'^ is bounded on all the spaces L^(A (g) y). Moreover, 

(4.42) \\D^'^‘^\\LP{A^fi)^LP{A^ij,) ^ ll^lloo) 1 < 00 . 

Proof. Observe that may be expressed as 

D^“/(x) = f XN2{xi,yi) [ K{r)[drMrixi,yi) - drWrixi-yi)]{r^f){yi,X2)drdyi, 

Jo 

at least for / G Moreover, the estimates below imply that the integral defining is actually 
absolutely convergent, whenever / G L^(A (g) ^), for some 1 < p < 00 . 

Using Fubini’s theorem, and the L^{Y,y,) contractivity of r^, 

M^^\\D^°^f\\LHA^n) 


< 


< 


XN 2 


f\d, 

Jo 


JYlrixi,yi) - drWrixi - yi)\ / |(r^|/|)(yi,X 2 )| d//(x 2 ) drdyidxi 


lY 


XN 2 Diixi,yi)\fiyi,X 2 )\ dyidxi dy.{x 2 ). 


Now, using Lemma 14.81 it can be shown that the singularity of XN 2 Di{xi,yi) is integrable in 
xi- Moreover, XN 2 Dl{xi,yi) dxi < C, where C is independent of yi. Thus, applying Fubini’s 
theorem we obtain < CUkHoo- Since in the local region |xi| < 2 + \yi\ < 4 + 

\x 2 \ and X 7 V 2 (a^i)yi) = XAf 2 ( 2 /i) singularity of XN 2 dd>i{xi,yi) is also integrable in 7 / 1 . Hence, 

using Fubini’s theorem and the L°°{Y,^) contractivity of r^, we have — 

CIIkIIoo- Interpolating between the L^(A( 8 ) p) and L°°(A® p) bounds for 0^°^^ we finish the proof 
of □ 


The last lemma of this section shows that the local parts of T and T inherit their boundedness 
properties. Moreover, it says that the operators T^°^, and are bounded on appropriate 
spaces with regards to both the measures p and 7 (g) 

Lemma 4.10. Let S denote one of the operators T, T, or and let v be any of the measures 
7 or A. Then is bounded on L‘^{u (g) p) := xY,v®p), and 

(4-43) ^ Halloo- 
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Moreover, both S = T^°'^ and S = are of weak type (1,1) with respect to u ® p,, with u = j or 
n = A, and 

(4.44) E R'" X y: \S^°^f{x)\ > s) < ||/||li(.0m)- 


Proof. In what follows S{x,y) denotes the kernel K{x,y) of T, or the kernel K{x,y) of T, or the 
kernel D^°^{x,y) of D^°^. Recall that in all the cases the integral defining S^^°^f{x) is absolutely 
convergent. 

The proof is analogous to the proof of |19t Proposition 3.4]. Let Bj be the family of balls in R*^ 
from Lemma 14.51 Take / E and, for xi E Bj, decompose 

= Sfix) - 


= s{fx4Bj{yi)){x) + s{fx{4Bjp{yi)) - 



XN^S{x,y){xi,yi)f{y)dp{y 2 )dyi 


= S{fX4Bj(.yi)){x) + 



X{4Bjy{yi) - XN^{xi,yi))S{x,y)f{y)dp{y 2 )dyi. 


Multiplying by XBjixi) and summing over j, we arrive at the inequality 

S’'°7(x) < [ '^XBjixi)\xN 2 {xi,yi) - X4Bjiyi)\ [ \S{x,y)\\f{y)\dy{y 2 )dyi 

jRd- J Jy 

+ '^XBjixi)\S{f{y)x4:Bjiyi))ix)\ ■■= S 2 if) + Si{f), 
j 


Recall that T is bounded on L^, while T and are bounded on L^(A ® y). Hence, taking S 
equal to T,T, or D^°^, and using Lemma [4.61 we see that in all the considered cases Si is bounded 
on L?‘{v® y), and < ||k||oo- Moreover, from Lemmata 14.71 and 14.91 we know 

that both T and are of weak type (1,1) with respect to A® y, and 

ll^'llLi(A®/i)->-Li’°°(A(gi/i) + ll^^°'^llLi(A(g)/i)->-Li.°°(A(gi/i) ^ Halloo- 

Consequently, using once again Lemma 14.61 we see that in both the cases S = T and S = we 
have ll'S'i ||Li([y 0 /i)—^ ||^||oo- 

It remains to consider S 2 , for which we show boundedness on both ® y) and L°°{v ® y), 
hence, by interpolation on all y) spaces, 1 < p < 00 . Here we need the following estimates, 

valid for / E 


(4-45) j^\S{x,y)f{yi,y 2 )\dy{y 2 )dy{x 2 ) < ||K||ooki - yi\ ‘^\\f{yi,-)\\LAY,ii), 


where (xi,yi) E N 2 , and 


(4.46) \S{x,y)f{yi,y 2 )\ dy{y 2 ) < ||k||oo(1 + | 2 ;i|)'^||/( 2 /i, •)lli,<-(Y,/.), 

where {xi,yi) E N 2 \ A^i/y- Recall that r^ is a contraction on both Lf{Y,y) and L°°{Y,y). 
Thus, for S' = T the bound (I4.45P follows from (|4.4ip . for S' = T it is a consequence of (I4.29p . 
while for S = D^°'^ it can be deduced from a combination of both (14.411) and (14.2911 . To prove 
(|4.46p we use the contractivity of together with the estimates (14.411) . (I4.29P and fact that 
| 3 ;i - yi\~’^ ^ (1 + kil)"* for (xi,yi) E iV 2 \ iVi/ 7 - 

We start with the boundedness on L^(z/( 8 )/i) and denote 5 r(yi) = ||/(yi, •)7i(y^^), and Lf(xi, yi) = 
Ylj XBj{xi)\xN 2 {xi,yi) — X 4 Bj{yi)\ - Lemma 03] vii) together with the definition of Bj imply that 
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H{xi,yi) is supported in N 2 \ -/Vi/r- Hence, by Fubini’s theorem and (|4.45p . 

||5’2(/)(xi, OIIluy,/,) < ||k||oo / H{xi,yi)S{x,y)\g{yi)\dyi 

jRd 

< ll^lloo / H{xi,yi)\xi-yi\~‘^\g{yi)\dyi. 

jR'i 

From that point we proceed exactly as in the part of the proof of m Proposition 3.4], arriving 
at \\S2if)\\LH,ym) ^ Ir<i givi) di^iyi) = \\f\\ 

To finish the proof of Lemma [4.101 it remains to show the y) boundedness of S 2 . Setting 

g{yi) = \\f{yir)\\L°-{Y,ii) and using ( | 4.46p it follows that 

|*S' 2 (/)(xi,x 2 )| < ||k||oo(i + kil)'^ / g{yi)dyi ^ ||K||oo||/||L°o(i/(gi/i), 

as desired. □ 

Summarizing, since = T'‘°^ + from Lemma [4.101 it follows that the local part is 
of weak type (1,1) with respect to both 7 ®// and A® /r. Moreover, the weak type (1,1) constant 
is less than or equal to Crf^^HKHoo- Hence, after combining Propositions 14.31 and 14.41 the proof of 
Theorem 14. II is completed. 
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Appendix A. Appendix 


As we observed before, besides being bounded from to ® y) and on the 

operator mK,{C, A) is also bounded on all the lA spaces, 1 < p < 2. In this appendix we show that 
the interpolation property remains true for general operators. 

Theorem A.l. Let S be an operator which is bounded from to y), and from L?' 

to L^. Then S is bounded on all IT spaces, 1 < p < 2. 


The main ingredient of the proof is a Calderon-Zygmund decomposition of a function f{xi,X 2 ), 
with respect to the variable X 2 , when xi is fixed, see Lemma IA.21 For the decomposition we 
present it does not matter that we consider with the measure 7 . The important assumption is 
that (y, C, y) is a space of homogeneous type. Therefore till the end of the proof of Lemma IA.2I 
we consider a more general space := L^{X xY,v y). Here v is an arbitrary cj-finite Borel 
measure on X. Recall that, by convention, elements of X are denoted by Xi,yi, while elements of 
Y are denoted by X 2 , 1/2 • 

It is known that in every space of homogeneous type in the sense of Coifman-Weiss there exists a 
family of disjoint ’dyadic’ cubes, see m Theorem 2.2]. Here we use |23l Theorem 2.2] to {Y,(,y). 
Let Qi be the set of all dyadic cubes of generation I in the space (Y,(j,y). Note that I —>■ 00 
corresponds to ’small’ cubes, while I —>■ —00 to ’big’ cubes. We define the Lth generation dyadic 
average and the dyadic maximal function with respect to the second variable, by 



f{xi,y2)dy{y2)xQ{x2), 
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and 

(A.l) 'Df{x) = sup^;z|/|(x), 

i 


respectively. 

We prove the following Calderon-Zygmund type lemma. 


Lemma A.2. Fix s > 0 and let f ^ be a continuous non-negative function on X x Y. Then 
there exist Borel measurable functions g (’good’) and {bj} (’bad’) such that f = g + b := g + '^j bj, 
and: 

(i) II^IIli +Ei ll^illLi < 4 ||/||li; 

(a) \g{x)\ < C^s, for x = (xi,X 2 ) G X xY] 

(Hi) each function bj is associated with unique dyadic cube Qj. Moreover, the functions bj are 
supported in disjoint measurable sets Sj = Fj x Qj such that for each fixed xi G X, we have 
J2jF{Sjixi)) < s-^ Jy f (x) diJ,{x 2 ), where Sj{xi) = {x 2 ‘- x € Sj}. Additionally, for each 
fixed j G Z and xi G X, Jybjix) dyL{x 2 ) = 0, and either, there exists a ’cube’ such that 
Qj[xi) = Sj{xi) and supp(6j(rEi, •)) C Qj^xi)^ or Sj{xi) = 0 and bj{xi, •) = 0; 

(iv) If, for fixed xi G X the set Sj{xi) is non empty (hence in view of (Hi) Sj{xi) = Qj{^xi))> then 

C~^s < ——^-- [ f{x) dn{x 2 ) < C^s] 


(v) 


{xGX xY: V{f){x) > s} = x Qj = (JS’j. 

3 


Proof. The lemma is intuitively quite clear. The fact we do need to prove is that the decomposition 
can be done in a ’measurable’ way. 

Since / is continuous Eif is measurable on X xY. Therefore 

0,1 = [x G X X Y: Eif{x) > s, Eiif{x) < s for l' < /} 

are measurable subsets oi X xY. Moreover, the sets Oi are pairwise disjoint and satisfy 

(A.2) Q:=\JQi = {xGX xY:V{f){x)> s}. 

l 

Setting n = IJ; ri; we see that if x G O'”, then f{x) < s. 

Observe now that for each fixed xi G X, if Zqi denotes the center of the cube Q^^, then Eif{x) = 
Eif{xi, Zqi ), for all X2 G Q^^. Therefore, a short reasoning shows that Oi = |J^ E^jxQ^^ = |J^ 
where 

Fa,i = |xi G X: Eif{xi,ZQiJ > s, Erf{xi,ZQ) < s for Q D Q^, Q G Qv, /' < /| . 

From the continuity of / it follows that the sets Sa,i are measurable. Moreover, n = (J^ ^ 
where the sum runs over {a,l) corresponding to all cubes and the sets Sa,i are pairwise disjoint. 
Hence, recalling (IA.2p . we obtain (v). 

Note that some of the sets Sa,i may be empty, as well as the sets Sa,i{xi) = {x 2 '. x G Sa,i}. 
However, if for some xi G X the set Sa,i{xi) is not empty, then So,,iixi) coincides with a cube 
(5"(xi). In fact the just presented construction may be phrased as follows: xi G E^j is and only 
if the cube Qf has been chosen as one of the cubes for the Calderon-Zygmund decomposition of 
the function f{xi, •). 
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Since the set of pairs (a, 1) is countable from now on we associate with each j a pair (a, 1) and 
a cube Qa^i- Then Sj = Fj x Qj are the sets from (iii). Next we set 

— / f (.Ti - 7/n 1 7/0 1 , 


g{x) = f{x)xnc + V ^ / f{xi,y2)dg{y2)xSj{x), 

V /^(Qi) Jo, 


= '^bj{x) = ( fix) 


1 


fixi,y2)dy{y2) XsAx), 


) 




so that f = g + Ylj ^j- Also, since each set Sj is uniquely associated with the dyadic cube Qj, the 
same holds for the functions bj. Let xi G X be fixed. Then either Sj{xi) is or is not empty. In 
the second case Sjixi) = QjixQ, for some cube QjixQ. Moreover, the cubes QjixQ are pairwise 
disjoint. Hence, 

1 


E 


Sj{xi) 


KQ. 


j) JQi 


f{xi,y 2 ) dg{y 2 ) XSi (x) dn{x 2 ) 


E 

j: 5j(3;i)^0 


Qj{x\) f^iQjixi)) JQj{x{) 


fixi,y2)dgiy2)dg{x2)< / fix)dg{x2) 


lY 


and consequently, since XSjix) = XSj{xi)ix 2 ), using Fubini’s theorem we obtain 

1 


E 


XxY 


A l^iQj) Jq 


lx 


E 


f{xi,y 2 ) dg{y 2 ) XSj(x) diy(xi) dg{x 2 ) 

1 


'Sj(xi) IJ-iQj) Jq, 


fixi,y2) dg{y2) XsAx) dnix2) di^ixi) 


< 


fixi,y2)dniy2)diyixi) = ||/||li. 


I XxY 


From the above we obtain WgWii < 2||/||j;^i and HfejUii < 2||/||^i, thus proving (i). 

Now we pass to (ii). Since |/(x)| < s, for x G and the sets Sj are disjoint it suffices to show 

that, 


(A.3) 


1 


g-iQj) 


Qj 


fixi,y2)dgiy2)xsA^) ^ ^Is, 


for X 2 G Sj{xi). 


If X 2 G Sjixi), then Sjixi) = Qj{xi), for some Qj{xi) G Qi. Moreover, there exists Qjixi) D 
Qj(xi), with Qj(xi) G Qi-i- Then, since X 2 G Sj(xi), 

—TaF—xI fixi,y2)dfj.iy2) = EiQix) < s. 

g{Qj{xi)) Jq,(xi) 

Therefore, a standard argument, based on the doubling property of g, gives 


1 


fix) dg{y2) < [ fixi,y2)dgiy2)<Cf,s. 

giQAXT)) JqXxX 


giQjixi)) Jqj{xi) giQjixi)) Jq^x^) ' 

Hence, (IA.3P and thus also (ii) is proved. 

Observe that from the very definition of the sets Sj we have 

1 


(A.4) 


f^iQj) Jq 

Combining the above with (IA.3P we obtain item (iv). 


fixi,y2)dgiy2)xsA^) > for X2 G S’j(xi). 
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It remains to prove the property (hi). The inequality Ylj — •5”^/y/(^j) d/i(x 2 ) 

follows from (IA.4p . If Sj{xi) = 0 then obviously, bj{xi,-) = 0. If Sj{xi) is not empty, then 
Sj{xi) = Qj{xi), for some j{xi), so that supp6j(xi, •) C Qj{xi). In either case Jy bj{x) dfj,{x 2 ) = 
fsj(xi)bjix)dfi{x2) = 0. □ 

Using Lemma [A.21 we now prove Theorem lA. II The proof follows the scheme from [71 Theorem 
D, pp. 596, 635-637] by Coifman and Weiss. 


Proof of Theorem \A.l[ Fix 1 < q < p and set V^if) = (P(|/|'^))^/'^, with V given by (lA.ip . Then, 
since P is bounded on IP and 1 < q < p, the same is true for 
Fix a continuous function 0 < / G and let 

(A.5) 0^ = {x: P'^(/) > s} = {x: P(/'^) > s*^}. 

From item (v) of Lemma IA.2I it follows that 

e* = UF,x(3,=U’5i- 

j 

where the sets Sj satisfy properties (i)-(iv) from Lemma [A.2I with s'? in place of s and /*? in place 
of /. In particular 

xi G Fj. 


(A.6) 


[ Pdp{x2) 

jQj 


p{Qj) 

Decompose f = + bg = gs + Y,j bj,s with 

gs=g = fil-xe‘‘) + y] —7^ I fix) dp{x 2 )xSj 

i giQj) JQj 


bj,s = bj= [ fix) - 


1 


fixi,y2)dpiy2) XSi- 


1 




giQj) jQj 

If we fix xi G Fj, then because \bj\ < \f \ + fixi,y2)dpiy2)xSj, using (IA.6P and Holder’s 

inequality, we obtain 


Qj 


\ 1 /q 

\bj\'^dpix2) ) 




(A.7) < ( f \f\idpix2)\ + ( [ 

\'^Qj / \'^Qj 


piQ. 


j) JQj 


fixi,y2)dpiy2) 


XQ 


i dpix2) 


\ i/q 


< spiQj)^/i + 


\ i/g 


'Q- 


giQj) 


Qj 


f'^ixi,y2)dpiy2)xQj dpix2) < 




Let ^iQj) be the ball included in Qj from [23] Theorem 2.2 (2.8)], i.e. satisfying 

BiQj)cQj, fiiQj)<Cj,piBiQj)). 

Then, from (IA.7P it follows that 

/ . .. \ i/<? 

\bj\‘^ dpix2)] <Cfj,s. 


piB{Qj)) JBiQj) 
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Consequently, for each fixed xi G Fj, the function 


Cj{xi, ■) = 


bj{xi, ■ 




is supported in ^{Qj) and satisfies 


(A.8) 




The above inequality is also trivially satisfied if xi 0 Fj, since then Cj(xi, ■) = 0. 

From (]A.8P it follows that for each fixed xi G the functions Cj{xi, •) are /i)-atoms in 

the sense of Coifman-Weiss [71 p. 591], and thus \\cj\\H''-><i(Y,Y) — 1- Moreover, from the decompo¬ 
sition b = C^s^{^{Qj))cj we obtain 

<C,s Y. b^iQj) ~ C/iS 

j: xieFj j 

Since the spaces fi) and H^{Y, /i) = H^’°°{Y, fi) coincide, cf. [71 Theorem A], using Fubini’s 

theorem and the disjointness of Sj we obtain 


(A.9) 


lLi( 


im)= [ \\Hxi,-)\\miY,fM)dj{xi) <8^2(1^ = Cs{'y^ n){QY- 

By the layer-cake formula we have 

/•OO 

P~^\\Sf\\Lp= / sP~'^{'y®fi){x:\Sf{x)\>s)ds, 

Jo 


and, consequently. 


\\Sf\\LP < 


1*00 

0 fi){x: |S'6s(x)| > s/2) ds + / (g) ^)(a:: |S' 5 s(a:)| >s/2)ds 

I Jo 

:= El F E2. 

To estimate Ei we use the weak type property of S and (IA.9h . obtaining 


P < 
P 


roo poo 

(A.IO) Ei< s^-^\\hs\\LYHr)ds< sP-\'y®pi){QYds = W{f)\\ 

Jo Jo 

Passing to E 2 , the layer-cake formula together with the boundedness of S and Chebyshev’s 
inequality produce 


p-^E2<C sP-%s\\lds 


cP-3 


/ \gs\‘^ djdfids := E2 ,i + E2,2- 

J{e^Y 


poo p 

= / / Igsl"^ d'y dg ds + ; 

Jo Je‘> J 

From (IA.5p . (IA.6P and the definition of gs we see that |gs| < Cs, and consequently, 

poo 

E2,i<< sP~^{'y®g){eYds. 

Jo 

The above quantity has already been estimated, see (lA.lOp . Now we focus on -£ 2 , 2 - Since gs = f 
outside of 0® and / < P^(/), using Fubini’s theorem we have 

p poo p 

E 2 , 2 < l/(a:)|^ / sP-^ ds dij g) < \f{x)\Pd{'y(^g), 

Jm^xY Jf Jr'^xv 

thus obtaining the desired estimate for E 2 and hence, finishing the proof of Theorem lA.ll □ 
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